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The Ward identities are the relations which the complete Green functions of quantum fields 



O I satisfy if an original classical Lagrangian system is degenerate. A generic degenerate La- 
CS| '. grangian system of even and odd fields is considered. It is characterized by a hierarchy 
^ ! of reducible Noether identities and gauge supersymmetries parameterized by antifields and 
["T I . ghosts, respectively. In the framework of the BV quantization procedure, an original de- 
generate Lagrangian is extended to ghosts and antifields in order to satisfy the master 
equation. Replacing antifields with gauge fixing terms, one comes to a non-degenerate La- 
grangian which is quantized in the framework of perturbed QFT. This Lagrangian possesses 
(^r^ ' a BRST symmetry. The corresponding Ward identities are obtained. They generalize Ward 



(N 



(N 



identities in the Yang-Mills gauge theory to a general case of reducible gauge supersymme- 



^ ■ tries depending on derivatives of fields of any order. A supersymmetric Yang-Mills model 
^ ' is considered. 

o ■ 

I. INTRODUCTION 

Oh! 

^ ■ In a general setting, by Ward identities are meant the relations which the complete Green 

functions of quantum fields satisfy if an original classical Lagrangian system is degenerate. 
^ ■ A generic degenerate Lagrangian system of even and odd fields is considered [1, 2, 

' 3]. Its Euler-Lagrange operator satisfies nontrivial Noether identities. They need not 
be independent, but obey the first-stage Noether identities, which in turn are subject to 
the second-stage ones, and so on. Being finitely generated, the Noether and higher-stage 
Noether identities are parameterized by the modules of antifields (Section III). The Noether 
second theorem states the relation between these Noether identities and the reducible gauge 
supersymmetries of a degenerate Lagrangian system parameterized by ghosts (Section IV). 

In the framework of the BV quantization of a degenerate Lagrangian system [4, 5, 6], its 
original Lagrangian L is extended to the above mentioned ghosts and antifields in order to 
satisfy the so-called classical master equation (Section V). Replacing antifields with gauge 
fixed terms, one comes to a non-degenerate gauge-fixing Lagrangian Lgf (61) which can 
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be quantized in the framework of perturbed QFT (Section VII). This Lagrangian possesses 
the gauge- fixing BRST symmetry u (62). We obtain the corresponding Ward identities 
(82) - (83) for complete Green functions of quantum fields (Section VIII). They generalize 
the Ward identities in the Yang-Mills gauge theory [7, 8], whose gauge symmetries are 
irreducible, independent of field derivatives, and they form a finite-dimensional Lie algebra. 

Note that the BRST transformation u is necessary non-linear and, moreover, it need 
not maintain the measure term in a generating functional of Green functions. Therefore, 
the Ward identities (82) - (83) contain an anomaly in general. Another anomaly can issue 
from the fact that, after regularization, a Lagrangian Lqe need not be BRST invariant. 
Here, we however do not concern a regularization procedure. 

In Section IX, an example of supersymmetric Yang-Mills model is considered. 

II. GRASSMANN-GRADED LAGRANGIAN SYSTEMS 

Bearing in mind the BV quantization, we consider a Lagrangian field system on X = R", 
2 < n, coordinated by (x^). Such a Lagrangian system is algebraically described in terms 
of a certain bigraded differential algebra (henceforth BGDA) V*[Q:,Y] [1, 2, 3]. Unless 
otherwise stated, by a gradation throughout is meant Z2-gradation. 

Let F — > X be an affine bundle coordinated by {x^, y*) whose sections are even classical 
fields, and let Q — > X be a vector bundle coordinated by {x^, q"-) whose sections are odd 
classical fields. Let J^Y — > X and J^Q X , r — 1, . . . , he the corresponding r-order jet 
bundles, endowed with the adapted coordinates {x^,y\) and {x^,q%), respectively, where 
A = (Ai...Afc), |A| = k, k = l,...,r, are symmetric multi-indices. The index r = 
conventionally stands for Y and Q. For each r = 0, . . . , we consider a graded manifold 
{X,AjrQ), whose body is X and the ring of graded functions consists of sections of the 
exterior bundle 

A( j-^g)* = M ©( j'-Q)* e A( j'-Q)* © • • • , 

X X X 

where {,FQ)* is the dual of a vector bundle J^Q — > X. The global basis for {X,AjrQ) 
is {x^, c^), |A| = 0, . . . ,r. Let us consider the graded commutative C°°(X)-ring V^[Q; Y] 
generated by the even elements |/\ and the odd ones c\, |A| > 0. The collective symbols 
further stand for these elements, together with the symbol [A] = [s^] for their Grassmann 
parity. In fact, V^[Q] Y] is the C°°{X)-rmg of polynomials in the graded elements s^. 
Let dV'^lQ; Y] be the Lie superalgebra of (left) graded derivations of the R-ring Y], 

i.e., 

Hff) = «(/)/' + (-1)M[/1 /«(/'), /,/' e V'[Q;Y], u e OP°[Q; Y]. 
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Its elements take the form 

u = u'd^ + Y: uidi, u\ ui e V'[Q; Y], (1) 

0<|A| 

where ) = S^S^ up to permutations of multi- indices A and E. By a summation over 

a multi-index A is meant separate summation over each index Aj. For instance, we have 
the total derivatives 

0<|A| 

where A + A denotes the multi-index (A, Ai, . . . , A^). 

With the Lie superalgebra X)V°[Q; Y] , one can construct the minimal Chevalley-Eilenberg 
differential calculus 

^ M ^ P°[Q; y] ^ pi [Q-Y]^--- V^IQ; Y]^--- 

over the ring V^[Q;Y]. It is a desired BGDA V*[Q;Y]. Its elements e V^[Q;Y] are 
graded V^[Q] y]-linear A;- forms on dV^[Q; Y] with values in V^[Q; Y]. The graded exterior 
product A and the even Chevalley-Eilenberg coboundary operator d, called the graded 
exterior differential, obey the relations 

A 0' = (-i)\'t>m+m't>']^' /V 0^ di(f> A 4>') = # A 0' + i-iy'^^4> a 

where |.| denotes the form degree. Since 'P*[Q;Y] is a minimal differential calculus over 
V^[Q; Y], it is generated by the elements dx^, dsjl dual of dx, i.e., 

= E <t>t:-XM..Md^t A • • • A dst A dx^^ A • • • A dx^\ e V'[Q; Y]. 
In particular, the graded exterior differential takes the familiar form 

# = dx^ A + dsi A 5^0. 

0<1A| 

Let 0*X be the graded differential algebra of exterior forms on X. There is the natural 
monomorphism 0*X 'P*[Q; Y]. 

Given a graded derivation u (1) of the M-ring V^[Q;Y], the interior product u\(j) and 
the Lie derivative L„0, e 'P*[Q; Y], are defined by the formulas 

0<|A| 

u\{(PAa) = OiJ(/.) Aa + (-1)I'^I+['^]M(/)A (nja), a G 

L„0 = wjci0 + ci(^^J0), L„(0 A (j) = L„(0) A a + a l„((7). 
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For instance, let us denote rf^^ = 'i^dx^' d\ = dx-^ ■ ■ -dx^. Given graded functions 
/' and a graded form $, there are useful relations 

^ fUU'<rx= {-iy''Wif'')f'd''x + d„a, (2) 

0<|A|<fc 0<|A|<A: 

E (-i)'^'^^A(r*) = E (3) 

0<|A|<fc 0<|A|<fc 

v{fr= E (-l)'"^''qaA|^^/"^^ ^^"-;;y7^' (4) 

The BGDA Y] is decomposed into F]-modules ^^''■[Q; F] of fc-contact and 

r-horizontal graded forms 

= E <t>t±,....,<l A • • • A <^ A dx'^^ A • . . A c/x'^^ ei = - s^A^^", 

0<|A,| 

hk : :p*[Q; f] ^ p''*[g; y], /t'' : :p*[g; y] ^ :p*''-[Q; f]. 

Accordingly, the graded exterior differential on V*[Q:, Y] falls into the sum d — dy + dn oi 
the vertical and total differentials where = dx^ A dx(l). 

A graded derivation u (1) is called contact if the Lie derivative preserves the ideal 
of contact graded forms of the BGDA V*[Q;Y]. Further, we restrict our consideration to 
vertical contact graded derivations, vanishing on 0*X. Such a derivation 

^? = V^dA + E ^^A^^^^ (5) 
0<|A| 

is determined by its first summand v = v^Oa, called a generalized vector field. The relations 
^\dH(t) = -dnm), U(dH(l)) = dH{U(l>), e V*[Q; Y], 

hold. A vertical contact graded derivation (5) is called nilpotent if L^(L^0) = for any 
horizontal graded form e V^'*[Q:,Y]. One can show that t!} (5) is nilpotent only if it is 
odd and iff all obey the equahty 

^v) = ^{v^Oa) = E = 0. (6) 

0<|E| 

Lagrangian systems are described in terms of the BGDA V*[Q; Y] and its graded deriva- 
tions as follows [1, 2, 3]. The differentials dn and dy, the projector 

g^J2hohoh^, e{4>)^ E(-i)'^'^^A[dA(9^j<^)], 0e7'>°'"[g;y], 

fe>0 0<|A| 
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and the graded variational operator 5 = go d split the BGDA V*[Q\Y] into the graded 
variational bicomplex [1, 2, 9]. We restrict our consideration to its short variational sub- 
complex 

^ M ^ :P°[Q; F] ^ P°'^[g; Y]---^ P°'"[Q; F] ^ Ei = ^(P^'"[g; ¥]). (7) 

One can think of its even elements 

L = £d"xeP°'"[g;y], (8) 
SL^e^A EAd^'x = (-1)'^'^^ A dA{diL)rx e El (9) 

0<|A| 

as being a graded Lagrangian and its Euler-Lagrange operator, respectively. They possess 
the following properties. 

(i) The complex (7) is exact at all the terms, except M. In particular, any 5-closed (i.e., 
variationally trivial) graded density L e V^''^[Q;Y] is (i//-exact. 

(ii) The identity {5 o 5) (L) = leads to the useful equalities 

vidsSAf = (10) 

(iii) By virtue of the formula (2), the Lie derivative L^L of a Lagrangian L along a 
vertical contact graded derivation (5) admits the decomposition 

L^L = v]SL + dHCT- (11) 

One says that an odd vertical contact graded derivation -i? (5) is a variational supersymmetry 
of a Lagrangian L if the Lie derivative L^L is (ii^-exact or, equivalently, the odd graded 
density v\6L = v^E^d^x is (///-exact. 

For the sake of simplicity, the common symbol v further stands for a generalized vector 
field f, the vertical contact graded derivation 'd (5) determined by v and the Lie derivative 
L^. We agree to call all these operators a graded derivation of the BGDA Y]. 

One also deals with right contact graded derivations v — OaV^ of the BGDA P*[g; Y]. 
They act on graded forms on the right by the rule 

^(0) = d(0)L^+d(0L^), ^0A0') = (-1)['^'"^1^0) A0' + 0A^0'). 
For instance, 

9^(0) = (~l)([^]+^)[^]5^(0), dA = rfA, d//(0) = (-l)l'^ldi/(<^). 

With right graded derivations, one obtains the right Euler-Lagrange operator 
^L^EAd^'xAe^, Sa^ ^(-l)l^lc?A(a^(L)). 

0<|A| 
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An odd right graded derivation v is a variational supersymmetry of a Lagrangian L iff tlie 
odd graded density £Ay^d'"'x is dj^-exact. 

III. NOETHER IDENTITIES AND ANTIFIELDS 

Given a graded Lagrangian L (8), one can associate to its Euler-Lagrange operator SL 
(9) the exact chain Koszul-Tate complex with the boundary operator whose nilpotency 
conditions provide the Noether and higher-stage Noether identities for 5L [3] . 

Let us start with the following notation. Given vector bundles V, V, E, E' over X, we 
consider the BGDA 



By Y is denoted the density-dual of the vector bundle which an affine bundle Y is modelled 
on. 

Let us extend the BGDA V*[Q; Y] to the BGDA P*[F*; Q; Y; Q*] whose basis is {s^, sa}, 
where [sa] = + l)mod 2. We call sa the antifields of antifield number Anffs^] = 1- The 
BGDA V*[Y*;Q;Y;Q*] is provided with the nilpotent right graded derivation 5 —d "^^a, 
where £a are the graded variational derivatives (9). We call S the Koszul-Tate differential, 
and say that an element e V*[Y*;Q;Y;Q*] vanishes on the shell if it is ^-exact, i.e., 
= 6a. Let us consider the module V^'^^*; Q; Y; Q*] of graded densities. It contains the 
chain complex 



V*[V'V; Q; Y; EE'] = V*[V' xV x Q;Y x E x E']. 



XX XX 



By a density-dual of a vector bundle E ^ X is meant 



E* ^E* T*X. 



^ Im (5 ^ g; F; Q\ J- V^'^'lY*; Q; Y; Q%. 



(12) 



This complex is exact at lm5. Let us consider its first homology Hi{5). 
A generic one-chain of the complex (12) takes the form 

$ = ^ <l>^'^SAAd''x, e P°[g; Y]. 



(13) 



0<|A| 



Then the cycle condition 5^ — provides a reduction condition 



J2 ^^'^d^SAd'^x = 



(14) 



0<|A| 
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on the graded variational derivatives E^. Conversely, any reduction condition of form (14) 
comes from some cycle (13). The reduction condition (14) is trivial if a cycle is a boundary, 
i.e., it takes the form 

0<|A|,|SI 

A Lagrangian system is called degenerate if there exist nontrivial reduction conditions (14), 
called the Noether identities. 

One can say something more if the y]-module Hi{6) is finitely generated, i.e., 

there are elements of Hi{6) making up a free graded C"^(X)-module C(o) of finite rank. By 
virtue of the Serre-Swan theorem [3], C(o) is isomorphic to the module of sections of the 
product V* X E* where V* , E* are the density-duals of some vector bundles V ^ X and 

E ^ X. Let {Aj.} be a basis for this C°°(X)-module. Every element $ e Hi{5) factorizes 

$ = ^ G^'=dsA,(i-X, ^r=Y. ^f'^'sAA, (15) 

0<|S| 0<|A| 

via elements A,. G C(o), called the Noether operators. Accordingly, any Noether identity 
(14) is a corollary of the identities 

^ Af'^dj^SA = 0, (16) 

0<|A| 

called the complete Noether identities. In this case, the complex (12) can be extended to 
a one-exact complex with a boundary operator whose nilpotency conditions are equivalent 
to the Noether identities (16). 

Note that, if there is no danger of confusion, elements of homology are identified to its 
representatives. A chain complex is called r-exact if its homology of degree A; < r is trivial. 

Let us enlarge the BGDA V*^*; Q; Y; Q*] to the BGDA V*^*Y*; Q; Y; Q*V*] possess- 
ing the basis {s^, s^, c^} where [cr] — {[\] + l)mod2 and Ant[cr] = 2. This BGDA is pro- 
vided with the nilpotent right graded derivation Sq — S+ d ^^A^. Its nilpotency conditions 
(6) are equivalent to the Noether identities (16). Then the module V°'''[E*Y*; Q; Y; Q*V*]<s 
of graded densities of antifield number Ant[(/>] < 3 is split into the chain complex 

^ Im^^ P°'"[F*; Q; Y; Q*], ^ P°'"[E*r ; Q; Y; Q*V*]2 (17) 
J^rO,n^E*Y*;Q;Y;Q*V%. 

Let H^,{So) be its homology. We have Hq{5o) = Hq{5) = 0. Furthermore, any one-cycle $ 
up to a boundary takes the form (15) and, therefore, it is a ^o-boundary 

0<|E| 0<|E| 
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Hence, the complex (17) is one-exact. 

Turn now to the homology i?2(^o) of the complex (17). A generic two-chain reads 

$ = G + // = Yl G'^'^CKrCTx + H^^'^^^^'^^SAASHBd^'x. (18) 

0<|A| 0<|A|,|S| 

The cycle condition Sq^ — provides the reduction condition 

J2 C^'^dAArcTx + SH^O (19) 

0<|A| 

on the Noether operators (15). Conversely, let 

$ = ^ G'-'^CA,(i"xeP°'"[:B*r;g;F;QT*]2 

0<|A| 

be a graded density such that the reduction condition (19) holds. Obviously, this reduction 
condition is a cycle condition of the two-chain (18). It is trivial either if a two-cycle $ (18) 
is a boundary or its summand G, linear in antifields, vanishes on the shell. 

A degenerate Lagrangian system is said to be one-stage reducible if there exist nontrivial 
reduction conditions (19), called the first-stage Noether identities. One can show that first- 
stage Noether identities are identified to elements of the homology i?2(^o) iff any ^-cycle 

is a 5o-boundary [3]. Furthermore, if first-stage Noether identities 
are finitely generated, the complex (17) is extended to a two-exact complex with a boundary 
operator whose nilpotency conditions are equivalent to complete Noether and first-stage 
Noether identities. If the third homology of this complex is not trivial, we have second- 
stage Noether identities, and so on. Iterating the arguments, one says that a degenerate 
Lagrangian system {V*[Q; Y], L) is A^-stagc reducible if the following holds [3]. 

(i) There exist vector bundles Vi, . . . .Vn.E^, . . . ,En over X, and the BGDA V*[Q] Y] 
is enlarged to the BGDA 

V*{N} ^V*[E*^--- ElWT; Q; Y; Q*TT, ■ ■ ■V*^,] (20) 

with the basis {s"^,SA,Cr,Cr-^, ■ ■ ■ , c,.^} graded by antifield numbers Ant[cr^] = k + 2. Let 
the indexes k = —1,0 further stand for sa and c^, respectively. 

(ii) The BGDA V*{N} (20) is provided with a nilpotent graded derivation 

5N^d^SA+ J2 d"^r'''sAA+ E ^''^-fc' (21) 
0<|A| l<fe<Ar 

A,, = Gr, +hr,= Y. A;r-^CA.,_, + E (/iS--^)(^'^)cs.,_.^SA + •.•), (22) 
0<|A| 0<|S|,|S| 
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of antifield number -1. It is called the A^-stage Koszul-Tate differential. 

(iii) With 5jV) the module V ' {A^}<Ar+3 of graded densities of antifield number Ant[0] < 
+ 3 is split into the {N + 2)-exact chain complex 

O^lmSJ- 7'°''* [F* ; Q; Y; Q*] i ^ ^°'"{0}2 ^ ^'"{1)3 • • • (23) 

^,n^^ _ ^^^^^ ^ ^'"{AT}^^, ^ ^'"{ A^}iV+3, 

which satisfies the homology regularity condition. This condition states that, any 5k<:N-i- 
cycle (f) G 'P°'"{/i;}fc+3 C P°'"'{A; + 1}a;+3 is a 5fc+i-boundary. 

(iv) The nilpotency of Sjy implies the Noether identities (16) and the /c-stage Noether 
identities 

E A;r-^dA( E Ktfc^r,.J+~5{ E hil^-'^^^^'^h^r^.^s^A) = (24) 

0<|A| 0<|E| 0<|S|,|H| 

ior k — 1, . . . , N. Accordingly, A,.^ (22) are called the A;-stage Noether operators. 



IV. GAUGE SUPERSYMMETRIES AND GHOSTS 

The Noether second theorem associates to the Koszul-Tate complex (23) the sequence 
(36) graded in ghosts. Its ascent operator Vg (35) provides the gauge and higher-stage gauge 
supersymmetries of an original Lagrangian L. 

Given the BGDA V*{N} (20), let us consider the BGDA 

r*{N} ^V*[Vn--- V,V; Q- Y- EE,--- E^] (25) 
with the basis {s^, d'\ . . . , d^} and the BGDA 

P*{N} =V*\E*^--- E{E*Vn ■ ■ ■ V^VY*- Q- Y- Q*EE, - - - Er,TT, - - -V*^] (26) 
with the basis 

{s ,0 ,c ,...,c^, s^, Cj-, Cj.^ ) • • • ) }, (27) 

where [c'''=] = ([c^J + l)mod2 and Ant[c'''=] = -{k + 1). We call d"'' , k ^ 0, . . . , N, the 
ghosts of ghost number gh[c'''=] = k + 1. Clearly, the BGDAs V*{N} (20) and V*{N} (25) 
are subalgebras of the BGDA P*{N} (26). The A^-stage Koszul-Tate differential 5n (21) 
is naturally prolonged to a graded derivation of the BGDA P*{A^} (26). 
Let us extend an original Lagrangian L to the even graded density 

Le^jCe(rx^L + Li^L+ Yl c^^^K^dTx^ L + 5n{ E c'"'Cr^(Fx), (28) 

0<k<N 0<k<N 
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of zero antifield number where Li is linear in ghosts. It is readily observed that 5]^{L^ = 0, 
i.e., is a variational supersymmetry of the Lagrangian (28). It follows that 



E ^^r,W^=[v^SA+ E V^^^^Wx = dH<J, (29) 
'^^A 0<k<N "^rk 0<k<N 



0<|A| l<i<iVO<|A| 



"^rk o<|A| fe+l<i<Aro<|A| 



(see the formulas (3) - (4)). The equality (29) falls into the set of equalities 

^Ad^x = u^SAd^x = dH(Jo, (30) 



Ssa 

M^^^^ + E ^^5^A,Jrf"x = rf^a,, i = 1, . . . , TV. (31) 

dSA SCr, 

It follows from the equahty (30) and formula (11) that the graded derivation 

u^u^^, u^=E«A.Y, (32) 

0<|A| 

is a variational supersymmetry of an original Lagrangian L. This variational supersymmetry 
is parameterized by ghosts c'', i.e., it is a gauge supersymmetry of L [1, 2]. Every equality 
(31) is split into a set of equalities with respect to the polynomial degree in antifields. Let 
us consider the one, linear in antifields c^^ j ^-^d their jets (where by c^.j are meant Sa)- It 
is brought into the form 

[E(-1)'^'c?h(c'-^ E h^r!:'-''''^^^'^h^n.,)SA + u^-^ E Al^rfc^nJdJ^x^dna,. 

0<|H| 0<|E| 0<|S| 

Using the relation (2), we obtain 

0<|S| 0<|S| 0<|S| 

The variational derivative of the both sides of this equality with respect to the antifield 
Cr._2 leads to the relation 

E v{h%-^^^^'^Yd,:{c^^d^SA) + E u^^r^{A^-ir = 0, 

0<|S| 0<|E| 
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which takes the form 



0<|S| 0<|E| 



Therefore, the odd graded derivations 

d 



= "'"'ttI-T' ^''^ = E c:;'=^(A;^0^, = 1, . . . , TV, (34) 

0<|A| 



are the /c-stage gauge supersymmetries [2]. The graded derivations u (32), U(^k) (34) are 
assembled into the graded derivation 

Ue = u+ E ^(fe) (35) 

l<fc<W 

of ghost number 1, that we agree to call the total gauge operator. It is an ascent operator 
of the sequence 

^ 5°[g; Y] ^ V\N}i ^ P°{Ar}2 ^ ■ ■ • . (36) 

The total gauge operator (35) need not be nilpotent. One can say that gauge and 
higher-stage gauge supersymmetries of a Lagrangian system form an algebra on the shell 
if the graded derivation (35) can be extended to a graded derivation -u^; of ghost number 1 
by means of terms of higher polynomial degree in ghosts, and is nilpotent on the shell. 
Namely, we have 

UE^Ue + ^^U^dA+ E {^'''-'+C''-')dr,.,+C''dr,, (37) 

l<k<N 

where all the coefficients = 0, . . . , A^, are at least quadratic in ghosts and {uEOUE){f) 

is 5-exact for any graded function / e 'P^{N} C P°{iV}. This nilpotency condition falls 
into a set of equalities with respect to the polynomial degree in ghosts. Let us write the 
first and second of them involving the coefficients ^2*"^ quadratic in ghosts. We have 

E dT^u'd^u^ = 6{af ), E dj:u"^-'df^_y^-' = ^(«^'-'), 2 < A; < iV, (38) 

0<|S| 0<|S| 

E [d^u^d^u^ + d^e2d^u^] = S{af), (39) 

0<|S| 

E [d,:u^d^u^''-^ + d^a-dlu^--- + d^v:''^-^dl fi-^] = ~5{a7-'), (40) 

0<|S| 

^2 = Ct^'^^A , = Qi'^'cl^ , 2<k<N. (41) 
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The equalities (38) reproduce the relations (33). The equalities (39) - (40) provide the 
generalized commutation relations on the shell between gauge and higher-stage gauge su- 
persymmetries, and one can think of the coefficients ^2 (41) as being sui generis generalized 
structure functions [2, 10]. 



V. THE MASTER EQUATION AND EXTENDED LAGRANGIAN 

The BGDA P*{N} (26) with the basis (27) exemplifies Lagrangian systems of the 
following particular type. 

Let lo — -'^ be an affine bundle and Yq the density-dual of the vector bundle which 
an affine bundle Yq is modelled on. Let Yi ^ X be a vector bundle and Y*^ its density- 
dual. We consider the BGDA V*[Y*q;Yi;Yo;YI] endowed with the basis {y°',ya}, [Va] = 
([y"] -|- l)mod2, whose elements and are called the fields and antifields, respectively. 
Then one can associate to any Lagrangian 

£.rxeV''''[Y;;Y,;Yo;Yl] (42) 

the odd graded derivations 

v-S ^« - Qya' -9 ^« Sya (^3) 

of the BGDA V*\yI; Yi, Yo;YI]. 

Theorem 1: The following conditions are equivalent: 

(i) the graded derivation v (43) is a variational supersymmetry of a Lagrangian £d"'x 
(42), 

(ii) the graded derivation v (43) is a variational supersymmetry of (42), 

(iii) the composition [v—v)o(^v+v) acting on even graded functions / e V^[Yo; Fi; l^o; Y^] 
(or, equivalently, {v + v) o [v — v) acting on the odd ones) vanishes. 

Proof: By virtue of the formula (11), the conditions (i) and (ii) are equivalent to the 
equality 

£ ''Ead^'x = ^^dJ'x = dHa, (44) 
dya ^Z/" 

called the master equation. The equality (44), in turn, is equivalent to the condition that 
the odd graded density 8 °'Sad"'x is variationally trivial. Replacing the right variational 
derivatives £ in the equality (44) with the left ones 

We obtain 

5:(-l)Wr^„c^"a; = d^^(7. 
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The variational operator acting on this relation leads to the equalities 

5^ (-i)M+|Airf^(aA(£:«4)) = y: (-i)["i[r/(a,£:")X„ + r7(5,£:j^£:^)] =0, 

0<|A| 0<|A| 
0<|A| 0<|A| 

Due to the formulas (10), these equahties are brought into the form 

Y (-l)['^l[(-l)['l(t'^]+^)a^%^A„ + (-l)[''lNa^£,£«] = 0, (45) 

0<|A| 

Y (-i)["i[(-i)([^i+')^["i+')9^"£:''£:Aa + (-i)([''i+')["i9^£:''f^] = O (46) 

0<|A| 

for all Eb and S^. Returning to the right variational derivatives, we obtain the relations 

a ^"(^6)^Aa + (-1)'"^ Sld% = 0, sides' + a ^"(^'')£:Aa = 0. (47) 

A direct computation shows that they are equivalent to the condition (iii). 

It is readily observed that the equalities (45) - (46) and, equivalently, the equalities (47) 
are Noether identities of a Lagrangian (42). 

Note that any variationally trivial Lagrangian satisfies the master equation. We say 
that a solution of the master equation is not trivial if both the graded derivations (43) are 
not zero. It is readily observed that, if a Lagrangian 2d"'x provides a nontrivial solution of 
the master equation and Lq is a variationally trivial Lagrangian, the sum Std^x + Lq is also 
a nontrivial solution of the master equation. 

Let us return to an original graded Lagrangian system {V*[Q;Y], L) and its extension 
{P*{N}, Le,Ue) to ghosts and antifields, together with the odd graded derivations (43) 
which read 

. „ 7Ci d ^ ^ Ci d 



SsA ds^ Scr, dc^-k ' 



An original Lagrangian provides a trivial solution of the master equation. A problem is to 
extend the Lagrangian (28) to a solution of the master equation 

Le + L' = L + Li + L2 + • • • (48) 
by means of even terms Lj of zero antifield number and polynomial degree i > 1 in ghosts. 
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Theorem 2: The Lagrangian Lg (28) can be extended to a solution (48) of the master 
equation only if the total gauge operator Ue (35) is extended to a graded derivation, nilpotent 
on the shell. This extension is independent of antifields. 

Proof: Given a Lagrangian (48), the corresponding graded derivations (43) read 



V — 



+ E (49) 



SsA ds^ 5cr^ dd-k' 



Then the condition (iii) of Theorem 1 can be written in the form (6) as 

{v + v){v)^0, {v + v){v)^0. (51) 

It falls into a set of equalities with respect to the polynomial degree in antifields. Let us 
put 



V 



where and are the parts of v (49) of zero and first polynomial degree in antifields, 
respectively, and tf is that of v (50) independent of antifields. It is readily observed that 
xf — 6 is the Koszul-Tate differential. Let us consider the part of the first equality (51) 
which is independent of antifields. It reads 

v\v^) +Tf{v^) = i;°(z;°) + 5{v^) = 0, (52) 

i.e., the graded derivation is nilpotent on the shell. Since the part of linear in ghosts 
is exactly the total gauge operator Ug (35), the graded derivation f° provides a desired 
extension ue — (37) of Ug which is nilpotent on the shell. 

Theorem 2 shows that the Lagrangian Lg (28) is extended to a solution of the master 
equation only if the gauge and higher-stage gauge supersymmetries of an original Lagran- 
gian L form an algebra on the shell. 

In order to formulate the sufficient condition, let us assume that the gauge and higher- 
stage gauge supersymmetries of an original Lagrangian L form an algebra, i.e., we have a 
nilpotent extension of the total gauge operator u^. (35). 

Theorem 3: Let the total gauge operator (35) admit a nilpotent extension ue (37) 
independent of antifields. Then the extended Lagrangian 

LE^Le+ E C'Cr.d'^x (53) 
0<fc<iV 
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satisfies the master equation. 

Proof: If tlie graded derivation f° = Ue is nilpotent, tlien S{v^) = by virtue of tlie 
equation (52). It follows that the part Li of the Lagrangian Lg quadratic in antifields 
obeys the relations S{S ''''{CD) — for all indices r^. This part consists of the terms 
/i^^'=-2'^)(^'")csrj._2SE:^ (22), which consequently are 5-closed. Then the summand Gr^. of 
each cocycle A^^. (22) is 5fc_i-closed in accordance with the relation (24). It follows that its 
summand hr^. is also 5fc_i-closed and, consequently, 5fc_2-closed. Hence it is 5fe_i-exact by 
virtue of the homology regularity condition. Therefore, A^^^, is reduced only to the summand 

hnear in antifields. It follows that the Lagrangian Li (28) is hnear in antifields. In this 
case, we have — 5 ^{Ce), u^'^ — 5 ^''(Ce) for all indices A and and, consequently, 

i.e., = f is the graded derivation (43) defined by the Lagrangian (53). Then the nilpo- 
tency condition v'^{v^) = takes the form 



t;°(?^(£^)) = 0, v'C5^>'{jCe))^0. 



Hence, we obtain 



v\Le)=u{L)+v'>[S^{Ce)sa+ E ^"'{CE)Cr,Kx = dH<J, 

0<k<N 

i.e., = Ue is a variational supcrsymmctry of the extended Lagrangian (53). Thus, this 
Lagrangian satisfies the master equation in accordance with Theorem L 

VI. THE GAUGE-FIXING LAGRANGIAN 

Let us further restrict our consideration to a Lagrangian system which satisfies the 
condition of Theorem 3, i.e., its gauge and higher-stage gauge supersymmetries form an 
algebra. Its total gauge operator 

l<fe<iV 

0<|A| 

0<|A| 

admits a nilpotent extension 

UE^Ue + C^U^dA+ E («''-^+e-05r-,_i+r"5,„ (54) 

l<fc<iV 
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called the BRST operator. Accordingly, an original Lagrangian L is extended to the La- 
grangian 

Le = L+[u^sa+ E (^'■'-^+r'=-05r-,_i+r^c,Jrf"x, (55) 
i<fe<Ar 

which differs from the Lagrangian (53) in a dij-exact term. The extended Lagrangian (55) 
obeys the master equation 

5 Ce 5Ce ,n , 5Ce m i 



6sa 6cr, Sc^" 



and the relation 



6 Ce d ^ 5 Ce d 



0<k<N ""^^k 

The Noether identities (47) show that the extended Lagrangian Le (55) is degenerate. 
Following the BV quantization procedure, we aim to replace the antifields in with 
gauge-fixing terms in order to obtain a non-degenerate Lagrangian [4, 5]. 

For this purpose, let us consider an odd graded density "^(Px of antifield number 1 
which depends on original fields s"^ and ghosts d"'', k = 0, . . . , N, but not antifields Sa, Cr^-, 
k = 0, . . . , N. In order to satisfy these conditions, new field variables must be introduced 
because all the ghosts are of negative antifield numbers. Therefore, let us enlarge the BGDA 
P*{N} (26) to the BGDA 

P*{N} = V*[E], ■ ■ -ET^j, ■ • -FVjv • • • VY*; Q- Y;Q*E ■ ■ ■ E^E* ■ ■ ■Wj.V* • • -F^], 

possessing the basis 

{A r ri yjv ** * — — — — 1^ 

S , C , C , . . . , C , Cj, , Cj.^ ; • • • ) Cj,^ , Sa 1 Cr 1 Q-i 1 ■ ■ ■ 1 ^tn S 1 

where [c*^] = [d''] and Ant[c*^] = A; + 1, A; = 0, . . . , A^. We agree to call c*, c*^, . . . , c*^ the 
antighosts. Then, we choose '^dP'x as an element of P°'"{A}. It is traditionally called the 
gauge-fixing fermion. 

Let us replace all the antifields in the Lagrangian Le (55) with the gauge fixing terms 



_ 5* 5^ 

We obtain the Lagrangian 



, 8^ (^vp 
L^^L+[ui—+ Yl u]l-^]d''x^L + UE{^)rx + dH(T, (56) 

0<k<N * 
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which is an element of the BGDA 



^*{N} ^V*[V*j,--- V*Vn ■■■V-Q-Y-E--- EnE* • • • O C P*{N}, (57) 
possessing the basis 

S ,C,C ,...,C ,Cj.,Cj.^,...,Cj.^^. [OO) 

The BRST operator ue (54) is obviously a graded derivation of the BGDA ^*{N}. A 
glance at the equalities 

ue{L^) = u{L) + UE{uE{^)d"'x + dHCf)dP'x = dncr' 

shows that ue is a variational supersymmetry of the Lagrangian (56). It however is not 
a gauge supersymmetry of L-q, if depends on all the ghosts c''*, k — 0, ... ,7V, i.e., no 
ghost is a gauge parameter. Therefore, we require that 

^^0, ^^0, A; = 0,...,Ar-l. (59) 

In this case, Noether identities for the Lagrangian Lq, (56) come neither from the BRST 
symmetry ue nor the equalities (47). One also put 

E (60) 

0<fc<iV 

Finally, let be a non-degenerate bilinear form for each A; = 0, . . . , AT — 1 whose co- 
efficients are either real numbers or functions on X. Then a desired gauge-fixing Lagrangian 
is written in the form 

h I 

Lgf = L^+ E = (61) 

0<k<N ^ 

A S"^ S"^ hr,r' I 

0<k<N 0<k<N ^ 

^+ E ME(^"=)c;,(i"x+ E ^^^"'^'^^"a; + 

0<k<N 0<k<N ^ 

The BRST operator ue (54) fails to be a variational symmetry of the Lagrangian (61). 
However, it can be extended to the graded derivation 

« = «^- E ^^r.r'y- (62) 
0<k<N ^^Tk 
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of the BGDA ^*{A^} (57) which is easily proved to be a variational supersymmetry of the 
gauge-fixing Lagrangian (61). We agree to call u (62) the gauge-fixing BRST symmetry 
though it is not nilpotent. 

Of course, the Lagrangian Lqf essentially depends on a choice of the gauge- fixing 
fermion ^ which must satisfy the conditions (59) and (60). These conditions need not 
guarantee that that the Lagrangian Lqe is non-degenerate, but we assume that this is well. 

VII. QUANTIZATION 

Let us quantize a non-degenerate Lagrangian system (^*{A^}, Lgf)- Though our results 
lie in the framework of perturbed QFT, wc start with algebraic QFT. 

In algebraic QFT, a quantum field system is characterized by a topological *-algcbra A 
and a continuous positive form f on A [11, 12]. For the sake of simplicity, let us consider even 
scalar fields on the Minkowski space X — R". One associates to them the Borchers algebra 
A^ of tensor products of the Schwartz space $ = 5(1^") of smooth complex functions of 
rapid decreasing at infinity on R". These are complex smooth functions / such that the 
quantities 

= maxsup(l a: )'"|-- 1, |q;| = cti H h ctn, (63) 

are finite for all A;, m G N for n-tuples of natural numbers a = (ai, . . . , «„). The space S'(M"') 
is nuclear with respect to the topology determined by the seminorms (63). Its topological 
dual is the space S"(M'*) of tempered distributions [13, 14]. The corresponding contraction 
form is written as 

(</,,^) = J 0(x)0(a;)d"x, 4> e S{W), i/j e S'{W). 

The space S (R") is provided with the non-degenerate separately continuous Hermitian form 

{(f)\(f)') = J 0(x)0'(x)(i"x. 

The completion of ^(R") with respect to this form is the space L^(R") of square integrable 
complex functions on R". We have the rigged Hilbert space 

S{W) C L^(K") C S'{W'). 

Let R„ denote the dual of R" coordinated by {px) . The Fourier transform 

(f,P(p) = J (f,{x)e'P''d''x, px = pxx^, (64) 

(j>{x) = 1 0^(p)e-^f-(i„p, dnP = (27r)-"ci>, (65) 
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provides an isomorphism between the spaces 5'(M'^) and S'(M„). The Fourier transform of 
distributions is defined by the condition 

and is written in the form (64) - (65). It provides an isomorphism between the spaces of 
distributions S'{W) and y(M„). 

n 

Since ® S'(M") is dense in S'(M" ), a state / of the Borchers algebra A<^ is represented 
by distributions 

fk{<t>i ■■■(f>k)^J Wk{x,, . . .,Xk)Mxi) ■ ■■ct>k{xk)rx^ . ..d^Xk, Wk e 5'(M-*^). 

In particular, the /c-point Wightman functions describe free fields in the Minkowski 
space. The complete Green functions characterize quantum fields created at some instant 
and annihilated at another one. They are given by the chronological functionals 

r{4>i ■■■4>k) = j Wk{xi, Xfc)0i(xi) ■ ■ ■ 0fc(a;fe)rf"xi . . . d'^Xk, (66) 
W^{x^,...,x,)^ ^ e{xl-xl)---e{xl_^-xl)Wk{x,,...,x,), WnkeS'{W^), 

(ii-ik) 

where 9 is the step function, and the sum runs through all permutations (ii . . . ik) of the 
numbers 1, . . . ,k. However, the chronological functionals (66) need not be continuous and 
positive. At the same time, they issue from the Wick rotation of Euclidean states of 
the Borchers algebra A$ describing quantum fields in an interaction zone [15, 16]. Since 
the chronological functionals (66) are symmetric, these Euclidean states are states of the 
corresponding commutative tensor algebra 5$. This is the enveloping algebra of the Lie 
algebra of the group r($) of translations in $. Therefore one can obtain a state of 
as a vector form of a strong-continuous unitary cyclic representation of T($) [17]. Such a 
representation is characterized by a positive-definite continuous generating function Z on 
By virtue of the Bochner theorem [17] , this function is the Fourier transform 

Z{(j)) — j exp[i{(j),w)]djj,{w) (67) 

of a positive measure fi of total mass 1 on the topological dual $' of $. If the function 
a —>■ Z{a(f)) on M is analytic at for each e $, a state F of B<s, is given by the expression 

0- f 
Fk{(t>i ■■■4>k) = "^'^-Q^ ■ ■ ■ ^^('^'<?^OIa«=o = j {<Pi,u)) ■ ■ ■ {<j)k,w)d(i{w). (68) 

Then one can regard Z (67) as a generating functional of Euclidean Green functions 
(68). A problem is that, if a field Lagrangian is a polynomial of degree more than two, a 
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generating functional Z (67), Green functions and, consequently. Ward identities fail to be 
written in an explicit form. 

Therefore, let us quantize the above mentioned non-degenerate Lagrangian system 
(^*{N^^Lgf) in the framework of perturbed QFT. We assume that Lqp is a Lagran- 
gian of Euclidean fields on X = IR", coordinated by [x^). The key point is that an algebra 
of Euclidean quantum fields is graded commutative, and there are homomorphisms of the 
graded commutative ring ^°{7V} of classical fields to this algebra. These monomorphisms 
enable one to define the BRST operator u (62) on Euclidean quantum fields. 

Let Q be the graded complex vector space whose basis is the basis (58) for the BGDA 
'^*{N^. The common symbols (f further stand for elements of this basis. Let us consider 
the tensor product 

$ = Q ® 5'(M") (69) 

of the graded vector space Q and the space 5"(R") of distributions on R". One can think 
of elements $ (69) as being Q-valued distributions on R". Let us consider the subspace 

T'(R"') C S"(R") of functions expjipa;'}, p G Rn, which are generalized eigenvectors of 
translations in R" acting on S'(R"^). Let us denote — (f ® expjipx'}. Then any element 
of $ can be written in the form 

<\>{A =(f® ^a{x') = J MPWnP^ (70) 

where (f)a{p) G 5"(R„) are the Fourier transforms of (f)a{—x'). For instance, we have the 
Q- valued distributions 

rA^') = J rpe-'^^'dnP = ® 6{x - x'), (71) 

Ca(^') = / (-0 Va, • • • PA,0p"e-^^^4p. (72) 

In the framework of perturbed Euclidean QFT, we associate to a non-degenerate La- 
grangian system {^*{N}, Lgf) the graded commutative tensor algebra B<s> generated by 
elements of the graded vector space $ (69) and the following state (.) of B^. For any x e X, 
there is a homomorphism 

7. : ft:t<iZ ■ ■ ■ it ^ ftti^)4>X ■ ■ ■ Ca., ft:t e c^{x), (73) 

of the C°°(X)-ring *P°{A^} to the algebra 5$ which sends elements q'^ G ^^{N} to the 
elements G 5$ (72), and replaces coefficient functions / of elements of ^°{iV} with 
their values f{x) at a point x. It should be emphasized that fai.'.'.'aj{x)4>^\i ' ' ' ^xAr 
expression (73) is the graded commutative tensor product of distributions, but not their 
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product which is ill defined. Then the above mentioned state (.) of is given by symbolic 
functional integrals 

(<^i---0fc) = -^1 0,...0,exp{- J jCGF(<l>;)d''x}l[[d0, (74) 

AA= /expi- / CGF{r,)d''x}Yl[dr,], (75) 
J J p 

CGFi<p;) = CcFir.A) = CcFix^rAqD), (76) 

where 4>i and ^xiQ/C) = given by the formulas (70) and (72), respectively. The forms 

(74) are expressed into the forms 

(C ■■■€l)=Jfj€l--- €1 ^M- J ^GF{r,)d''x} (77) 

(C • • • O = Jfj^--- «^P{- / >CGF(0SA)d"x} n^C], (78) 

which provide Euclidean Green functions. It should be emphasized that, in contrast with 
a measure in the expression (67), the term nlc^^^p] in the formulas (74) - (75) fail to 

be a true measure on T(]R") because the Lebesgue measure on infinite-dimensional vector 
spaces need not exist. Nevertheless, treated like integrals over a finitc-dimcnsional vector 
space, the functional integrals (77) - (78) restart Euclidean Green functions in the Feynman 
diagram technique. Certainly, these Green functions are singular, unless regularization and 
renormalization techniques are involved. 

VIII. WARD IDENTITIES 

Since the graded derivation (62) 

0<|A| 

of the ring *P°{iV} is a C°°(X)-linear morphism over IdX, it induces the graded derivation 



= 7. o S o : ^ (x, ql)) ^ <(a:, g|) ^ <(a;, 7.(g|)) = SSa(Ce) (79) 



of the range '-),j.{^^{N}) C Bq> of the homomorphism 7^. (73) for each x & X = M". The 
maps Ux (79) yield the maps 
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and, as a consequence, the graded derivation 

U{(f)) = j (l)^{p)u{(t)l)dnP = j (l)a{p)UpdnP 

of the algebra B^. We agree to call it quantum BRST transformation. It can be written 
in the symbolic form 



Let a be an odd element. We consider the automorphism 

U — ex^{au\ = Id + 

of the algebra B^. This automorphism yields a new state (.)' of B^ given by the relations 

(0i---<^,) = (Wi)---Wfe))' = 

j t/(0i)---t/((/.,)exp{- j CGF{U{4>';,Mx}J{[dU{r,)], 



U'^ j exp{- j CGF{UW)d^x}\{[dU{ci>l)]. 



Let us apply these relations to the Green functions (77) - (78). 

Since the graded derivation u (62) is a variational supersymmetry of the Lagrangian 
Lgf (57), we obtain from the relations (76) that 



J CGF{U{(t>l))d^x = j CGF{0d^X. 
It is a property of symbolic functional integrals that 

n[#p] = (1 + «sp(s)) n 
Uidum] = (!+«/ Q^d-x) = (1 + asp(s)) urn. 



X X 



Then the desired Ward identities for the Green functions (77) - (78) read 

(^(C • • • c^)) + (C • • • csp(s)) - (c • • • rpDispm) = 0, (82) 
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i=l 

mi\ ■ ■ ■ ej) + • ■ ■ c:sp(«)) - {<pi\ ■ ■ ■ c:)(sp(ii)) = o, (83) 

i=l 

A glance at the expressions (82) - (83) shows that the Ward identities contain the 
anomaly, in general, because the measure terms of symbolic functional integrals need not 
be BRST invariant. If Sp(S) is either a finite or infinite number, the Ward identities 

• • • o) = • • • <f^^^ ■ ■ ■ <f>pi) = 0' (84) 

i=l 
k 

{m\ ■ ■■4>Z)) = ^(-l)[-]+-+k-i](0ai . ..<l/^v^<f/^ . ..c^ll) = (85) 

are free of this anomaly. 

Clearly, all the expressions (82) - (85) are singular, unless regularization and renormal- 
ization procedures are involved. In the present work, we concern neither these procedures 
nor the Wick rotation of the Ward identities (82) - (83). 



XI. EXAMPLE. SUPERSYMMETRIC YANG-MILLS THEORY 

Let ^ = ^0 ® ^1 be a finite-dimensional real Lie superalgebra with a basis {e^}, r = 
1, . . . , m, and real structure constants c^y For the sake of simplicity, the Grassmann parity 
of Cr is denoted [r] . Recall the standard relations 

<^, = -{-^%. M = H + [j], 

Let us also introduce the modified structure constants 



A, = (86) 



Given the universal enveloping algebra ^ of ^, we assume that there is an invariant even 
quadratic element h^^CiCj of Q such that the matrix h^^ is non-degenerate. All Lagrangians 
are further considered up to (ii^-exact terms. 
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The Yang-Mills theory of gauge potentials on X = M" associated to the Lie superalgebra 
g is described by the BGDA V*[Q, Y] where 

Q = (X X ^i) T*X, y = (X X ^o) ® T*X. 

X X 

Its basis is {a\}, [a\] = [r]. There is the canonical decomposition of the first jets of its 
elements 

Then the Euclidean Yang-Mills Lagrangian takes the form 

Lym = \h,jrj'^rjP-'r,^J^l^<Px, 

where 77 is the Euclidean metric on M". Its variational derivatives obey the irreducible 
Noether identities 

Therefore, we enlarge the BGDA V*[Q,Y] to the BGDA 

P*{id}^V*\E*VY*;Q;Y;Q*EV\ V^XxQ^, E ^ X x Go, (87) 
whose basis 

{a\,c',a^,Cr}, [c'] = ([r] + l)mod2, [a^] = [c,] = [r], 

consists of gauge potentials a\, ghosts of ghost number 1, and antifields a^, Cr of antifield 
numbers 1 and 2, respectively. Then, the Noether operators (15), the total gauge 
operator Ue (35), and the Lagrangian Lg (28) read 

Le = Lym — c'(c^jia\a^ + a'^j)(f'x = Lym + {-d'jiC?a\ + d^^aldTx + dnCJ- 
The total gauge operator admits the nilpotent extension 

where c[^- are the modified structure constants (86). Then, the extended Lagrangian 

Le = Lym + {-c\jdc^x + c\)a^d''x - ]-cljd(^Crd''x, (88) 
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obeys the master equation. 

Passing to the gauge-fixing Lagrangian, we enlarge the BGDA P*[0] (87) to the BGDA 



P*{0} = V*[E V VY ; Q; Y; Q EE V ], 

possessing the basis 

{a^)^,c',c^,aj.,Cr}, [Cr] = [c ]• 
Let us choose the gauge-fixing fermion 

and replace the antifields in the extended Lagrangian Le (88) with the terms 

-\ ^ ^ ^ -n^i^c* r = n 

5(f IJ-ri '-'r — 

A 

We come to the Lagrangian (56) which reads 

= Lym - v^^{-c\^da\ + cl)cl,(rx = Lym + {-l f^^VXdi^i-c-jCa{ + d^)rx + dna. 
It is brought into the form 

= Lym + c*Mjc'd''x, 

where 

Ml = (-l)M+^r^^'^(4(a;, + a^d,) + 5^,d,,) 

is a second order differential operator acting on the ghosts . Finally, we write the gauge- 
fixing Lagrangian 



Lgf = Lym + clMJc^d'^x + hi^jT^'^^'r^^^Si^SiJ^x = 

Lym + [{-lp+Wc;d,{-cl^cio^^ + c\) + ^^..Ty'V^a^^^Jc^"^, 



which possesses the BRST symmetry 
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Quantizing this Lagrangian system in the framework of Euchdean perturbed QFT , we 
come to the graded commutative tensor algebra generated by the elements {a^;^, c^, c*^}. 
Its states {(p), (f) E Bq,, are given by functional integrals 

= Jf J </'exp{-y£GF(o^AA,4A,<r)c^Mn[^<A]MM<r-]> 

J^^ j exp{-y £GF(a;AA,c;A,C)ci"x}nM<A]MM<^]> 
Accordingly, the quantum BRST transformation (81) reads 

It is readily observed that Sp(2) = 0. Therefore, we obtain the Ward identities {u{4>)) = 
(85) without anomaly. 
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